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Gauss $E(\alpha, \beta, \gamma)$
$x(1-x) \frac{d^{2}f}{dx^{2}}+\{\gamma-(\alpha+\beta+1)x\}\frac{df}{dx}-\alpha\beta f=0$
$(\alpha, \beta, \gamma)$ $x=0,1,$ $\infty$ 2
$(\alpha, \beta, \gamma)$ 2 $u_{1}(x),$ $u_{2}(x)$
$s:\mathbb{C}-\{0,1\}\ni xrightarrow u_{1}(x)/u_{2}(x)\in \mathrm{P}^{1}$
$\mathbb{C}-\{0,1\}$ $\mathbb{H}/M$ $\mathbb{H}$
$M$ $u_{1}(x),$ $u_{2}(x)$ $(\alpha, \beta, \gamma)=$
$(1/2,1/2,1)$ \yen $M$ $\mathbb{C}-\{0,1\}$
$SL_{2}(\mathbb{Z})$ 2 ( )





$\theta_{a,b}(\tau)=\sum_{n\in \mathrm{Z}}\exp[\pi i\{(n+a)^{2}\tau+2(n+a)b\}]$ , $(\tau\in \mathbb{H}, a, b\in \mathbb{Q})$
$\text{ }x_{\vee}\supset \text{ }\lambda(\tau)=\frac{\theta_{0,1/2}^{4}(\tau)}{\theta_{0}^{4}(\tau),l^{0}\mathrm{b}h^{\backslash ^{\backslash }}}\text{ }\overline{\prime \mathrm{T}\backslash }\text{ }l1\text{ _{}0}(-\text{ }\lambda\backslash :r_{\grave{\llcorner}\backslash }\text{ }-\mathbb{R}\iota\backslash \epsilon\iota\backslash @\Re_{J\iota \text{ }\hslash^{\backslash ^{\backslash }}}^{R}$
,
(the Whitehead link $L_{W}$ , the Borromean rings $L_{B}$ )
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Figure 1: the Whitehead link and the Borromean rings
– $L$










$\bullet$ $S^{3}-L$ – ( )
$\bullet$




23 $\mathbb{H}^{3}=\{(z, t)\in \mathbb{C}\mathrm{x}\mathrm{R}|t>0\}$
$GL_{\mathit{2}}^{T}(\mathbb{C})=\{\langle GL_{2}(\mathbb{C}), T\rangle|T\cdot g=\overline{g}\cdot T\}$
$T$ $g=\in GL_{2}(\mathbb{C})$ $\mathbb{H}^{3}$
$T\cdot(z, t)$ $=$ $(\overline{z}, t)$ ,
$g\cdot(z, t)$ $=$ $(_{|g_{21}|^{2}t^{2}+(g_{21}z+g_{22})^{\overline{\frac{(g_{21}z+g_{22})}{(g_{\mathit{2}1}z+g_{22})}}\frac{|\det(g)|t}{|g_{21}|^{2}t^{2}+(g_{\mathit{2}1}z+g_{22})\overline{(g_{21}z+g_{2\mathit{2}})}})}}^{g_{11}\overline{g}_{21}t^{2}+(g_{11}z+g_{1\mathit{2}})},$ ,
$GL_{2}(\mathbb{C})$ $G$ $G$ $T$ $GL_{2}^{T}(\mathbb{C})$ $G^{T}$
the Whitehead link $L_{W}$ the Borromean rings $L_{B}$
$\varphi_{W}:\mathbb{H}^{3}/G_{W}arrow S^{3}-L_{W}\underline{\simeq}$, $\varphi_{B}:\mathbb{H}^{3}/G_{B}arrow S^{3}-L_{B}\underline{\simeq}$
$S^{3}$ 3 $GL_{2}(\mathbb{C})$ $G_{W}$ $G_{B}$
$iI_{2}$ $\Gamma=GL_{\mathit{2}}(\mathbb{Z}[i])$
$G_{W}$ $=$ $\langle w_{1}, w_{2}\rangle$ , $w_{1}=,$ $w_{2}=$ ,
$G_{B}=$ $\langle b_{1}, b_{2}, b_{3}\rangle$ , $b_{1}=,$ $b_{2}=,$ $b_{3}=$ .
Remark 1 $E(\alpha,\beta,\gamma)$
$\cos(2\pi\alpha)=\frac{1+i}{2}$ , $\beta=-\alpha$ , $\gamma\in \mathbb{Z}$
$c_{w}$ .
$e^{2n1\alpha}=i\omega\zeta$ , $e^{\mathit{2}\pi 1\beta}=\text{ }\zeta’$ , $\gamma=\frac{2}{3}$
$E(\alpha, \beta, \gamma)$ $x=y^{3}$




Figure 2: Fundamental domain of $G_{W}$ in $\mathbb{H}^{3}$
$\mathbb{H}^{3}/G_{W},$ $\mathbb{H}^{3}/G_{B}$ Figure 2, Figure 3
$\mathbb{H}^{3}/c_{w}$ 2 cusps $\mathbb{H}^{3}/G_{B}$ 3 cusps
3 $\Gamma$
$S\Gamma_{0}(1+i)$ $=$ $\{(g_{jk})\in\Gamma|\det(g)=\pm 1, g_{21}\in(1+i)\mathbb{Z}[i]\}$,
$\Gamma_{1}(2)$ $=$ $\{g=(g_{jk})\in\Gamma|g_{12},g_{11}-g_{22}\in 2\mathbb{Z}[i]\},\cdot$
$\Gamma(2)=\{g=(g_{jk})\in\Gamma|g_{1\mathit{2}},g_{\mathit{2}1},g_{11}-g_{22}\in 2\mathbb{Z}[i]\}$.
$\Gamma^{T}(2)$ $\mathbb{H}^{3}$ 8 Weyl chamber
Figure 4
$\Gamma^{T}(2)$ $Gw$ $\tilde{G}_{W\text{ }}\Gamma^{T}(2)$ $G_{B}$ $\tilde{G}_{B}$
Lemma 1 (1) $\tilde{G}_{W}=S\Gamma_{0}^{T}(1+i),\tilde{G}_{B}=\Gamma_{1}^{T}(2)$ .
(2) $\tilde{G}_{W}/\Gamma^{T}(2)$ 8 2 $\tilde{G}_{B}/\Gamma^{T}(2)$ $(\mathbb{Z}_{\mathit{2}})^{2}$
(3) $S\Gamma_{0}(1+i)/G_{W}$ $(\mathbb{Z}_{2})^{2}$ $\tilde{G}_{B}/C_{\mathrm{r}_{B}}$ $(\mathbb{Z}_{2})^{3}$
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$\langle G_{W},\overline{G}_{W}\rangle S\Gamma_{0}(1+i)|$ $(\mathrm{Z}_{2})^{21}$
$\mathrm{Z}_{2}\backslash$
$\Gamma_{1}(2)$
$\mathrm{r}_{\Gamma(2)}^{T}|^{(2)}|$ $G_{W}^{/\backslash }\overline{G}_{W}G_{WW}^{\backslash }\cap^{\frac{\nearrow}{G}}$
$\Gamma^{T}(2)$
$\mathrm{Z}_{2}\backslash$ $\Gamma(2)|_{(\mathrm{z}_{2})^{2}}\backslash G_{B}$
Remark 2 Lemma 1 (3) $(\mathbb{Z}_{2})^{\mathit{2}},$ $(\mathbb{Z}_{2})^{3}$ $L_{W},$ $L_{B}$
$L_{W},$ $L_{B}$ Figure 5
$180^{\mathrm{o}}$ $L_{W}$ $(\mathbb{Z}_{\mathit{2}})^{2}$
$L_{B}$ $(\mathbb{Z}_{2})^{3}$
3 $I_{2,2}$ $\mathrm{D}$ \tau -
12,2 $\mathrm{D}=$ { $\tau\in M_{2,2}(\mathbb{C})|(\tau-\tau^{*})/2i$ } $\Theta$
$\Theta(\tau)=\sum_{n\in \mathrm{Z}[*]^{2}}.\exp[\pi i\{(n+a)\tau(n+a)^{*}+2{\rm Re}(nb^{*})\}]$
$\tau\in \mathrm{D}$ . $a,$ $b\in \mathbb{Q}[i]^{\mathit{2}}$ $\Theta(\tau)$ $a,$ $b$ $\mathbb{Z}[i]^{2}$ $m,$ $n$
$\Theta(\tau)=\exp[-2\pi i{\rm Re}(mb^{*})]\Theta(\tau)$
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Figure 4: Weyl chamber of $\Gamma^{T}(2)$
Theorem 1 $\Theta$ 2
$4\ominus(\tau)^{\mathit{2}}$
$=$
$\pm_{2}\sum_{\mathrm{e},f\in^{1}\mathrm{Z}[i]^{2}/\mathrm{Z}[:]^{2}}\exp[2\pi i{\rm Re}((1+i)be^{*})]\Theta(\tau)\Theta(\tau)$ .
4 $\Gamma^{T}(2)$
3 $\mathbb{H}^{3}$ 12,2 $\mathrm{D}$
$\gamma:\mathbb{H}^{3}\ni(z, t)\mapsto\frac{i}{t}(^{t^{2}+|z|^{2}}\overline{z}$ $z1)\in \mathrm{D}$
$T$ $GL_{2}(\mathbb{C})$ $g(\mathbb{H}^{3})(\subset \mathrm{D})$
$g(T\cdot(z,t))=\iota_{\gamma(z,t)}$ , $\gamma(g\cdot(z, t))=\frac{1}{|\det(g)|}gg(z, t)g^{*}$




Figure 5: Symmetries of $L_{W}$ and $L_{B}$
Proposition 1 $\Theta(z, i)$ $T$ $g\in\Gamma$
$\Theta(T\cdot(z,t))=\Theta(_{b}^{a}=)(z,t),$ $\Theta(g\cdot(z,t))=\Theta(_{b(g^{*})- 1}^{ag})(z,t)$ .
Theorem 24




$\theta$ : $\mathbb{H}^{3}\ni(z, t)->\frac{1}{x_{0}}(x_{1}, x_{\mathit{2}}, x_{3})\in \mathrm{R}^{3}$
$\mathbb{H}^{3}/\Gamma^{T}(2)$
$\{(t_{1}, t_{2},t_{3})\in \mathbb{R}^{3}||t_{1}|+|t_{2}|+|t_{3}|\leq 1\}$




$c_{w}$ $G_{B}$ $x_{1},$ $x_{2},$ $x_{3}$
Lemma 2
$(x_{1}, x_{2}, x_{3})\cdot w_{1}$ $=$ $(x_{1}, x_{\mathit{2}},x_{3})$ ,
$(x_{1}, x_{2}, x_{3})\cdot w_{2}$ $=$ $(x_{1},x_{2}, x_{3})$ ,
$(x_{1},x_{2}, x_{3})\cdot b_{1}$ $=$ $(x_{1}, x_{2)}x_{3})$ ,
$(x_{1}, x_{\mathit{2}}, x_{3})\cdot b_{\mathit{2}}$ $=$ $(x_{1},x_{2},x_{3})$ ,
$(x_{1}, x_{\mathit{2}}, x_{3})\cdot b_{3}$ $=$ $(x_{1}, x_{2}, x_{3})$ .
$\tilde{G}_{W}$ 8 2 $\tilde{G}_{B}$
$(\mathbb{Z}_{2})^{\mathit{2}}$
Theorem 8 $-(\mathit{1})$ $x_{1}^{2}+x_{2}^{\mathit{2}},$ $x_{1}^{2}x_{2}^{2},$ $x_{3}^{\mathit{2}}$ , XlX2 $x_{3}$ $\tilde{G}_{L}$
$\tilde{\varphi}w$ : $\mathbb{H}^{3}\ni(z, t)rightarrow(\frac{x_{1}^{2}+x_{2}^{2}}{x_{0}^{2}}, \frac{x_{1}^{\mathit{2}}x_{\mathit{2}}^{2}}{x_{0}^{4}}, \frac{x_{3}^{2}}{x_{0}^{2}}, \frac{x_{1}x_{2}x_{3}}{x_{0}^{3}})\in \mathrm{R}^{4}$
$\mathbb{H}^{3}/\tilde{c}_{w}$ $\mathrm{R}^{4}$ $t_{2}i_{3}=b_{4}^{2}$
(2) $x_{\mathit{2}},$ $x_{1}x_{3},$ $x_{1}^{2}+x_{3}^{2}$ $\tilde{G}_{B}$
$\tilde{\varphi}_{B}$ : $\mathbb{H}^{3}\ni(z, t)-\rangle\frac{1}{x_{0}^{2}}(x_{0}x_{\mathit{2}},x_{1}x_{3}, x_{1}^{2}+x_{3}^{2})\in \mathrm{R}^{3}$
$\mathbb{H}^{3}/\tilde{G}_{B}$ $\mathrm{R}^{3}$
6 $G_{W},$ $G_{B}$
$y_{1}=\Theta$ , $y_{2}=\ominus$ , $y_{3}=\Theta$ , $y_{4}=\Theta$ ,
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$z_{1}=\Theta$ , $z_{2}=\Theta$ , $z_{3}=$ , $z_{4}=\Theta$ ,
$G_{W}$ $G_{B}$
Proposition 2 (1) $\omega_{jk}$ $c_{w}$






$\omega_{22}$ $=$ $(x_{\mathit{2}}^{2}-x_{1}^{2})\{(x_{2}-x_{1})y_{1}y_{4}+(x_{2}+x_{1})y_{\mathit{2}}y_{3}\}$ ,
$\omega_{31}$ $=$ $(x_{2}-x_{1})y_{1}y_{3}-(x_{\mathit{2}}+x_{1})y_{2}y_{4}$ ,
$\omega_{32}$ $=y_{3}y_{4}\{-(x_{\mathit{2}}-x_{1})y_{1}y_{4}+(x_{2}+x_{1})y_{\mathit{2}}y_{3}\}$ .
( $\beta_{1},$ $\mathcal{B}_{2},$ $\beta_{3}$ $G_{B}$
$\beta_{1}=z_{2}z_{4}$ , $\beta_{2}=(x_{1}+x_{3})z_{1}$ , $\beta_{3}=(x_{1}-x_{3})z_{3}$ .
Theorem 1 $y_{1},$ $\ldots,$ $y_{4},$ $z_{1},$ $\ldots,$ $z_{4}$ 2 $x_{0},$ $\ldots,$ $x_{3}$
Lemma 3
$4y_{1}^{2}$ $=$ $(x_{0}+x_{1}+x_{\mathit{2}}+x_{3})(x_{0}-x_{1}-x_{2}+x_{3})$ ,
$4y_{2}^{2}$ $=$ $(x_{\mathit{0}}+x_{1}-x_{2}-x_{3})(x_{0}-x_{1}+x_{2}-x_{3})$ ,
$4y_{3}^{2}$ $=$ $(x_{0}+x_{1}-x_{2}+x_{3})(x_{0}-x_{1}+x_{2}+x_{3})$ ,
4$y_{4}^{2}$ $=$ $(x_{0}+x_{1}+x_{\mathit{2}}-x_{3})(x_{0}-x_{1}-x_{2}-x_{3})$ ,
$4z_{1}^{2}$ $=$ $(x_{0}+x_{1}+x_{2}+x_{3})(x_{0}-x_{1}+x_{2}-x_{3})$ ,
$4z_{2}^{2}$ $=$ $(x_{\mathit{0}}+x_{1}+x_{2}-x_{3})(x_{0}-x_{1}+x_{2}+x_{3})$ ,
$4z_{3}^{\mathit{2}}$ $=$ $(x_{0}+x_{1}-x_{\mathit{2}}-x_{3})(x_{0}-x_{1}-x_{2}+x_{3})$ ,









$\varphi_{B}$ : $\mathbb{H}^{S}\ni(z, t)\mapsto\frac{1}{x_{0}^{2}}(x_{0}x_{2},x_{1}x_{3},x_{1}^{2}+x_{3}^{2},\beta_{1},\beta_{2}, \beta_{3})\in \mathrm{R}^{6}$
$\mathbb{H}^{3}/G_{B}$ $\mathrm{R}^{6}$
$16\beta_{1}^{\mathit{2}}$ $=$ $(x_{0}^{\mathit{2}}-x_{2}^{2})^{2}-2(x_{0}^{2}+x_{2}^{2})(x_{1}^{2}+x_{3}^{2})+(x_{1}^{\mathit{2}}+x_{3}^{\mathit{2}})^{2}-4(x_{1}x_{3})^{2}-8(x_{0}x_{\mathit{2}})(x_{1}x_{3})$ ,





$\frac{{\rm Re}(p)+{\rm Im}(s)-(-1)^{{\rm Re}(q)+{\rm Im}(q)}({\rm Im}(p)+{\rm Re}(s))}{2}$
$\equiv$ $\frac{((-1)^{{\rm Re}(f)}+1){\rm Im}(q)+({\rm Re}(q)+{\rm Im}(q))({\rm Re}(r)+{\rm Im}(r))}{2}$
‘
${\rm Re}(p+q)+ \frac{{\rm Re}(r)-(-1)^{\mathrm{R}\epsilon(q)+{\rm Im}(q)}{\rm Im}(r)}{2}\equiv 1$ .
Theorem 7 $\Gamma_{1}(2)$ $I_{2}+$ $G_{B}$ + 2
${\rm Re}(q)+{\rm Im}(r)$ $\equiv 0$ ,
$\frac{1+(-1)^{{\rm Re}(r)+{\rm Im}(r)}}{2}{\rm Re}(q)+\frac{1-(-1)^{{\rm Re}(\mathrm{r})+{\rm Im}(f)}}{2}{\rm Im}(q)$ $\equiv{\rm Re}(p+s)+{\rm Im}(p+s)$ .
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